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ABSTRACT 

In  this  paper,  we  obtain  some  results  on  the  pth  Gol’dberg  relative  order  of  entire  functions  of  several  complex 
variables  which  improve  some  earlier  results. 
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INTRODUCTION 

Let  f and  g be  two  non-constant  entire  functions  and 

Mf(r)  = max{|f(z)|:  |z|  = r},Mg(r)  = max{|g(z)|:  |z|  = r}  be  the  maximum  modulus  functions  of  f and  g 
respectively. Then  Mf(r)  is  strictly  increasing  function  and  continuous  of  rand  its  inverse  MjT1:  (|f(0)|,oo)  — > (0,oo)  exits 
andlims^Mf_1(s)  = oo. 

Definition  1:  The  order  pf  and  lower  order  of  an  entire  function  f are  defined  as  follows; 


pW(f)=inf{p  > 0:  Mf(r)  < Mg(exptp  1'rp),  for  all  r > r0(p)  > 0} 

If  p=l,  g (z)  =expz,  then  pg  (f)=pg(f)  the  classical  order  off. 

Definition  3:  [4]  Let  f(z1;  z2)  and  g(z1;  z2)  are  two  non  constant  entire  functions  of  two  complex  variables  z1  and 
z2  holomorphic  in  the  closed  polydisc 

{(z1(  z2):  | Zj  | < rj ; i = 1,2}  And 

Let  MfOi,^)  = max{|f(z)|:  IzJ  = r4;  i = l,2},Mg(r1(  r2)  = max{|g(z1;  z2)|:  |zj  < r,;  i = 1,2} 

The  relative  order  of  f with  respect  to  g denoted  bypg(f),  is  defined  as 

pg(f)  = inf  (p  > 0:  Mf  (r)  < Mg(r/,  r/),  for  all  rx  > R(p),  r2  > R(p)}. 

We  recall  the  following  notation  and  definition  of  relative  order  of  entire  functions  of  n complex  variables.  We 


The  function  f is  said  to  be  of  regular  growth  if  pf  = Xf . 


In  [1]  Lahiri  and  Banerjee  considered  a more  general  definition  of  order  as  follows: 


Definition  2:  [ 1 ] if  p>  1 is  a positive  integer,  then  the  pth  relative  order  of  f with  respect  tog,  denoted  by  pM  (f) 


is  defined  as 
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denote  the  point  (z1;z 2, ,zn)  £ (Cnand  (m1(  m2, , mn)  £ In  by  z and  m respectively  I denote  the  set  of  all  non 

negative  integers. Where  (Cndenote  the  n-dimensional  complex  space.  |z|  = (IzJ2  + | z2 1 2 + — I-  IzJ2)1^  also  we  can 
write  | |m|  | = + m2  + — I-  mn.Let  bounded  complete  n — circular  domain  DEC”  with  centre  at  origin.  Let 

Mf,D(R)  = supzeDR  | f(z)  | 

For  R > 0 a point  z£  DRiff  - £ D where  f is  an  entire  function  of  n complex  variables  Let  g be  a non  constant 
entire  function  then  Mg  D (R)  is  strictly  increasing  continuous  and  its  inverse 

M-fe:  (lg(0)|  , oo)  ->  (0,  oo)  Exists  such  that  limR_,MMgD(R)  = co.The  GoTdberg  order  of  entire  function  of  n 
complex  variables  is  defined  as  follows: 


Definition  4:  [7]  The  GoTdberg  order  pf  D off  with  respect  to  domain  is  defined  as  follows 


Pf,D 


= limR_M0sup 


log  [2]  Mf  p(R) 
logR 


The  lower  GoTdberg  order  D of  f with  respect  to  domain  D is  defined  as 


*flD  = limR^Jnf 


log  M Mf  d(R) 
logR 


If  f is  regular  growth  if  pf  D = D. 

ThepfD,  order  is  independent  of  the  choice  of  the  domain  D in  (cf.  [7]}  and  therefore  we  denote  the  order  of  f 

aspr 

Definition  5:  pth  GoTdberg  order  and  lower  GoTdberg  order  are  denoted  by  pj:^  and  Agjj,  are  respectively  defined 
as  follows: 


[p]  log  [P]  Mf  d(R) 

Pf,D  = lmR^°°SUP 


And 

,[p]  ■ ,logMMfjD(R) 

Ain  = limR^„mf 

“D  R^c0  logR 


Where  p = 2,3,4,  ■■■ 

In  recent  paper  Mondale  and  Roy  [6]  introduced  the  concept  of  relative  order  of  entire  functions  of  n-complex 
variables.  They  gave  the  following  definition. 


Definition  6:  ([1],[4],[6])  Let  f,  and  g be  entire  functions  of  n complex  variables  and  D be  a bounded  complete  n- 
circular  domain  with  centre  at  the  origin  in  Cn.Then  the  pth  relative  order  (f)  of  f with  respect  to  g in  the  domain  D is 
defined  by 


P&d©  = inf(P  > 0:  Mf,D(r)  < Mg,D(exP[p  1]R^,forR  > R0(p)  > 0} 


=limR_MoSup 


logtp]  M~p(Mf  d(R)) 
logR 
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Where  p = 1,2,3, , ... 

If  we  take  g(z)  = ez  = efZl,Z2 Zn^  and  p = 1,  then  the  relative  Gol’dberg  order  p (f)  of  f with  respect  to  g in 

the  domain  D coincides  with  Gol’dberg  pf  D off  with  respect  to  domain  D. 

We  define  the  pth  Gol’dberg  relative  order  ^LPD(f)  off  with  respect  to  g in  the  domain  as 


Where  p = 1,2,3,, ... 

In  this  paper  we  obtain  some  relationship  between  relative  order,  relative  lower  order,  Gol’dberg  order  and 
Gol’dberg  lower  order,  pth  Gol’dberg  relative  (order  and  lower  order)  of  entire  functions  of  several  complex  variables 
which  improves  some  earlier  results. 


THEOREMS 


.Then 


Theorem  1:  Let  f and  g be  entire  functions  of  n complex  variables  such  that  0 < X 


[p] 

f 


< p|p]  and  0 < 4Pl  < pj,pl 


/P,])«{%.P'  /pwj £ pf®  s P'  Am 


Proof:  From  the  definition  of  pth-Gol’dberg  order  and  lower  order  we  get  arbitrary  e > 0 and  for  all  large  values 


of  R then 


M, 

M, 

Mf 

M 


(R)  < exp  ^explp_1lR(pf  +e)  j 

,(R)  < exp  ^explp_1lR^pg  +t^ 

(R)  > exp  ^explP^lR^f 
(R)  > exp  ^exptp_1lR^g  ~£)  j 


Also  for  a sequence  {Rn}  tending  to  infinity  we  get 
Mf(Rn)  > exp  ^explp-1lRn(pf  ~£)  j 

Mg(Rn)  > exp  ^explp_1lRn^Pg  £)j 

Mf(Rn)  < exp  ^explp_1lRn(>'f  +£)j 

AndMf(Rn)  < exp  ^explp_1lRn^g  +£)j 

Now  from  the  definition  of  pth  relative  order  we  get,  for  arbitrary  ex  > 0 and  for  all  large  values  of  R then 


0) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 
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p[P](f)+8i> 


logtPl  Mg1(Mf(R)) 
logR 


Now  from  (5)  we  get  for  a sequence  {Rn}  tending  to  infinity  that 


p[pl(0+ei> 


logtP]  Mg1  expl  expfP  1^Rn'>Pf 


p'pW 


logRn 


( ( 


log  Ip]  Mg1 


exp 


exp 


[P-hRAT- 


■M 

pM-sVg 

[P] 


"P'+Al 


V V 


)) 


logRn 


( 


log  IP]  Mg1  Me 


expIP_1]R^  g 


PL-6^ 
pM+s 


> 


V 


logRn 


p'P]- 


p'Pl+s 

As  > 0 and  e > 0 are  arbitrary  we  get  that 

p^f! 

Also  from  (1)  we  get  for  arbitrary  e > 0 and  for  all  large  values  of  R that 

log  IPl  Mg1)  expf exp[P-1lR(pf>I+e)l 


logtPl  Mg1(Mf(R)) 


logR 


< 


( ( 


exp 


. n[P]_. 

explP-hRV^S 


logR 


I) 


logR 


(9) 


Now  from  (6)  we  get  for  a sequence  {Rn}  tending  to  infinity  that 


( 


log  [p]  Mg1  Mg 


log  [pl  Mg1(Mf(Rn)) 
logRn 


n[P-hRVPg]-e 


expLP  AJR^ 


< 


V 


logRn 


limo^inf 


logRn 


. ^.loglPlMgHMfCRn))  /p[Pl+6 


As  8 > 0 is  arbitrary  we  have 


Impact  Factor  (JCC):  2.0346 


NAAS  Rating  3.19 


Some  Results  on  pth  Gol’dberg  Relative  Order 


151 


[p] 

*“(»  < % 


no) 


Now  from  the  definition  of  pth  relative  lower  order  we  get  for  arbitrary  s2  > 0 and  for  all  large  values  of  R that 

*M(f)—  <log‘PlMi1(Mf(R)) 

g z logR 

Now  from  (7)  we  get  for  a sequence  {Rn}  tending  to  infinity 

log[p]  Mg1!  exp[  explP-1lRn(^f 


logRn 

( 

( 

(4pi+6V 

exp 

explP-^Rn 

v4pW 

V 

logRn 

n 


log  [P] 


< 


j 

Wm  ' 

exptP  ^R^J  g 

V 


logRn 


4Pl+e 

llpl_. 


As  e2  > 0 and  e > 0 are  arbitrary  we  obtain  that 

,[p] 


(11) 


Now  from  (3)  we  get  arbitrary  e > 0 and  for  all  large  values  of  R that 

log  [p]  Mg1!  expf  E!Xp[P-1]R^  f ) j 


log  [P]  MgRMfCR)) 


logR 


log  tP]  Mg1 


> 


( ( 

exp 

\ V 


exp[P-1lRV4Pl+E 


4p]-e\g 


logR 

4p1+e\\ 


)) 


logR 


Now  from  (8)  we  obtain  for  a sequence  {Rn}  tending  to  infinity  that 


log  [p]  Mg  xMo 


loglp]  Mg1(Mf(Rn)) 

logRn 


rn_ii  \4Pl+4 

explP  1lR„  8 

\ / 

logRn 
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loglPlMgHMfCRn))  ^ 4PLe 

llmRn^SUP ^ ^ 

As  s > 0 is  arbitrary  s3  > 0 and  for  a sequence  {Rn}  tending  to  infinity  that 


log  [P]  Mg1!  expl  exptP  1lRnv8 


^[p]  _ 


logRn 


( ( 


log  [P]  Mg1 


exp 


exp 


p[P]xe\  g 

Pf 

[P-l]RI,VgPl_^ 


4P]-A\ 


V V 


» 


logRn 


( 


log  tp]  Mg1  Mo 


a[P]_. 
expIP-HR^S  ' 


< 


logRn 


pM+s 

4pl-s 


s3  > 0 And  8 > 0 are  arbitrary,  we  have 


fp] 


PiP,ffl£TH 


As  we  get  for  arbitrary  s4  > 0 and  s > 0 for  a (Rn)  tending  to  infinity  that 


^pl(f)+e4  > 


logtPl  Mg1(Mf(Rn)) 
logRn 


> 


log  1 P 1 Mg'  f exp[  cxplP  1 1 Rn ' / £j 


logRn 


( ( 


log  [P]  Mg1 


exp 


exp 


[p-hRnv4Pl- 


JpR 


V V 


» 


logRn 


I fch 


log  [P]  Mg1  Me 


exp[P_1]R^  g 


pLP]+b 


< 


V 


logRn 


4Pl-6 

Pgp]+e 


As  £4  > 0 and  £ > 0 are  arbitrary,  we  obtain  that 


(13) 
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[p] 


(14) 


The  theorem  follows  from  (9),  (10),  (11),  (12),  (13)  and  (14). 

Corollary  1:  If  both  f and  g are  regular  growth  with  non  zero  order  then 

Pgpl(f)  = PfP]  (g)  iffPgPl  = p|Pl- 

Corollary  2:  If  both  f and  g are  regular  growth  with  non  zero  order  then 

4Pl(0  = Pjf1© 

Corollary  3:  If  g is  regular  growth  with  non  zero  order  then 

ip] 

rL1 


pj,pl(f)  > 


Theorem  2:  Let  fandg  be  entire  functions  of  n complex  variables  such  that  p|p'  = 0 and  0 < pM  < co.Then 


>4p](0  = 0 


Proof:  From  the  definition  of  Gol’dberg  order  we  have  for  arbitrary  e > o and  for  all  large  values  of  r that 
Mf(R)  < exp(expip_1lR^) 

log  [Pl  Mg1(Mf(R))  log  [Pi  Mg1(exp(exp[P_1lR(e))) 


logR 


log  [Pi  Mg1 


< — 

( 

f 

exp 

exp 

logR 


„[p]_ 


, „[p]_F 
n[p-i]R\pg 


\\ 


n 


logR 


Now  from  (6)  we  get  for  a sequence  {Rn}  tending  to  infinity  that 


log  [p]  Mg1  Mo 


< 


logM  Mg1(Mf(Rn)) 
logRn 


. JogMMgRMfCRn)) 

limR  ..ooinf 

Rn^°  logRn 


.pW-e 

expIP-1!  R^  g 


< 


logRn 


pLP]- 


As  £ > 0 is  arbitrary  it  follows  tha&gP'(f)  = 0. 

Theorem  3:  Let  fandg  be  entire  functions  of  n complex  variables  such  that  0 < p[p'  < oo  andpM  = 0. 


ThenpM  (f)  = oo 


Proof:  From  the  definition  of  relative  order  we  get  for  arbitrary  e1  > 0 and  for  all  large  values  of  R that 
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pW(f)  +£l  > 


logtPl  Mg1(Mf(R)) 
logR 


Now  from  (5)  we  get  for  a sequence  {Rn}  tending  to  infinity 


P£p]  (0  +£i  > ■ 


JP]_ 


log  [P]  Mg1!  exP(  exp[p  1]Rnv  f 


logRn 


( 

f 

(prw-yy\ 

log  IP]  Mg1 

exp 

expIP  1]Rn 

l e ! 

n 

logRn 


( 


log  [P] 


expIP-^R^ 


< 


V 


logRn 


P?L 


As  > 0 and  s > 0 are  arbitrary  it  follows  thatp^  (f)  = oo. 
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